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Abstract
In this paper, we prove that there are no expansive Zn actions on Peano continua that contain no θ -curves.
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1. Introduction and preliminaries
Let X be a compact metric space with metric d . A homeomorphism f of X is called expansive if there exists
c > 0 such that for any x, y ∈ X and x = y, there is an integer n ∈ Z with d(f n(x), f n(y)) > c, where c is called an
expansive constant for f . Whether a continuum (compact connected metric space) admits expansive homeomorphisms
is an interesting problem in topological dynamics and continuum theory. Many results have been obtained (see [1,3–8,
10,12,15]).
In recent years there has been a considerable progress in the study of higher rank actions (i.e., actions of Zn or
R
n with n > 1) (see [13]). Motivated by this progress, we started to consider the existence of expansive Zn actions
on continua, and in [14] we proved that there are no expansive Zn actions on graphs. In this paper, we will prove the
following
Theorem 1.1. Peano continua that contain no θ -curves do not admit expansive Zn actions.
Now let us recall some definitions which will be used in the following.
Let G be a discrete group (a topological group with discrete topology) and X a compact metric space with metric d .
Let Hom(X) be the group of self-homeomorphisms of X. Recall that a group homomorphism π :G → Hom(X) is
called an action of (the discrete group) G on X. This concept is a generalization of discrete dynamical system, for if
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E. Shi et al. / Topology and its Applications 154 (2007) 462–468 463(X,f ) is a discrete system where f is a homeomorphism on X, then the map n → f n defines a group homomorphism
from the integer additive group Z to Hom(X).
The action π :G → Hom(X) is called expansive if there is a constant c > 0 (called an expansive constant for π )
such that for any x, y ∈ X and x = y, there is a g ∈ G with d(π(g)(x),π(g)(y)) > c.
We say X is a Peano continuum if it is a locally connected continuum. We say X is a simple closed curve if it
is homeomorphic to the unit circle in the complex plane. A Peano continuum that contains no simple closed curve
is called a dendrite. Dendrite is a kind of tree-like continuum with the quite clearly studied topological structure
(see [11]).
We say X is an arc if it is homeomorphic to the unit interval [0,1]. A θ -curve X is a continuum which is the
union of three arcs having the same endpoints and having pairwise no other point in common (such is the letter θ ).
As a generalization of the dendrites, the topological structure of Peano continua containing no θ -curves is also deeply
studied (see [9]). For instance, every continuum of this kind is homeomorphic to the boundary of a connected open
set in the plane.
2. Proof of the main theorem
Firstly, let us recall some well-known results about dendrites which will be used in the following: any two different
points a and b in a dendrite can be joined by one and only one arc with endpoints a and b, say [a, b]; every subcon-
tinuum of a dendrite is still a dendrite; the intersection of any two subcontinua of a dendrite is still a dendrite. For the
proofs of these results, one may consult [9,11].
Recall that a point e in a dendrite X is called an endpoint, if X\{e} is connected.
Definition 2.1. A dendrite X is called star-like, if there is some point o ∈ X, such that for any two endpoints e1 = e2,
[o, e1] ∩ [o, e2] = {o}.
Definition 2.2. A star-like dendrite X is called finite-type, if the endpoints of X are finite, otherwise X is called
infinite-type.
The following proposition characterizes the topological structure of a star-like dendrite.
Proposition 2.3. Let X be a star-like dendrite, then the endpoint set of X is at most countable. If {ei}∞i=1 is the endpoint
set of X, then limi→∞ diam([o, ei]) = 0.
Proof. Let {eλ}λ∈Λ be the endpoint set of X, and suppose that the index set Λ is uncountable. Then there is some δ > 0
such that Λ′ = {λ ∈ Λ | diam([o, eλ]) > δ} is an infinite set. Let B(o, δ)(≡ {x ∈ X | d(o, x) < δ}) be the open ball with
center o and radius δ. As diam([o, eλ]) > δ, for all λ ∈ Λ′, we can choose bλ ∈ [o, eλ] with bλ /∈ B(o, δ). Thus we get
an infinite set of closed arcs {[o, bλ]}λ∈Λ′ . Since X is a star-like dendrite, [o, bλ] ∩ [o, bλ′ ] ⊂ [o, eλ] ∩ [o, eλ′ ] = {o},
for all λ = λ′ ∈ Λ′. Let C(X) be the set of all closed connected subsets of X with the Hausdorff metric dH . Then
(C(X), dH ) is a compact metric space (see [9]). So there exist a subcontinuum K of X and a sequence {λi}∞i=1 ⊂ Λ′
such that limi→∞ dH ([o, bλi ],K) = 0. Passing to a subsequence, we may suppose bλi → b, for some b ∈ X. Then
b ∈ K and b /∈ B(o, δ). As K is still a dendrite, we have [o, b] ⊂ K . Fix a point b′ ∈ [o, b]\{o, b}. By the local
connectedness of X, there is a connected compact neighborhood V (still a dendrite) of b′, such that b′ ∈ V ⊂ X\{o, b}.
Thus there are infinitely many λi such that [o, bλi ]∩V = ∅. In particular, there are λm = λn ∈ Λ′ with [o, bλm ]∩V = ∅
and [o, bλn] ∩ V = ∅. Choose arbitrarily x ∈ [o, bλm] ∩ V and y ∈ [o, bλn] ∩ V . As [o, x] ∩ [o, y] = {o}, we know
[o, x] ∪ [o, y] is an arc from x to y. Since V is still a dendrite, [o, x] ∪ [o, y] ⊂ V . This implies o ∈ V , contrary to the
choice of V . Thus Λ is a countable set.
Now let {ei}∞i=1 be the endpoint set of X. Suppose that the sequence {diam([o, ei])}∞i=1 does not converge to 0,
then there are a δ > 0 and infinitely many ik such that diam([o, eik ]) > δ. By the same argument as above, we get
a contradiction. 
Corollary 2.4. Let X be a dendrite and let {ai}∞i=1 be an infinite sequence of points in X. If there is a point o ∈ X such
that [o, ai] ∩ [o, aj ] = {o}, for all i = j , then ⋃∞ [o, ai] is an infinite-type star-like dendrite.i=1
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diam([o, ai]) → 0, as i → ∞. Hence Y is compact. From Definitions 2.1 and 2.2, we know that Y is an infinite-
type star-like dendrite. 
Lemma 2.5. Let X be a dendrite. If [o, a1] ⊂ [o, a2] ⊂ · · · ⊂ [o, an] ⊂ · · · is an increasing chain of arcs in X, then
limi→∞ ai exists.
Proof. By the compactness of X, there is a subsequence {aik }∞k=1 of {ai}∞i=1 such that limk→∞ aik = a, for some
a ∈ X. For any compact connected neighborhood V of a, there is a natural number M such that aik ∈ V , whenever
k M . By the increasing chain condition of these arcs {[o, ai]}∞i=1, we get that, for any j > iM , there is some aim ∈ V
such that aj ∈ [aiM , aim]. Since V is still a dendrite, [aiM , aim] ⊂ V . So aj ∈ V , for all j > iM . Since V is arbitrary,
limi→∞ ai = a. 
Lemma 2.6. Let X be a dendrite, f :X → X a homeomorphism and suppose that o is a fixed point of f . If there
is some x ∈ X such that f ([o, x]) ∩ [o, x] = [o, a], where a = o, then f has another fixed point o′ = o with either
o′ = limn→∞ f n(a) or o′ = limn→∞ f−n(a).
Proof. Since f ([o, x]) ∩ [o, x] = [o, a], f 2([o, x]) ∩ f ([o, x]) = [o,f (a)]. So [o, a] ⊂ [o,f (x)] and [o,f (a)] ⊂
[o,f (x)]. Thus [o, a] ⊂ [o,f (a)] or [o, a] ⊃ [o,f (a)]. If [o, a] ⊂ [o,f (a)], then we get an increasing chain of
arcs [o, a] ⊂ [o,f (a)] ⊂ [o,f 2(a)] ⊂ · · ·. By Lemma 2.5, limn→∞ f n(a) = o′. Obviously, o′ = o and f (o′) = o′. If
[o,f (a)] ⊂ [o, a], then [o, a] ⊂ [o,f−1(a)]. Similarly, we get that limn→∞ f−n(a) exists and is a fixed point ( = o)
of f . 
Lemma 2.7. Let X be a dendrite. Suppose f1, . . . , fn are n pairwise commutative homeomorphisms on X and o1 is a
common fixed point of these fi ’s. If there is some o2 ∈ X,o2 = o1, such that o2 is a common fixed point of f1, . . . , fn−1
and fn([o1, o2])∩ [o1, o2] = [o1, a] with a = o1, then f1, . . . , fn must have another common fixed point o3 ∈ X.
Proof. By Lemma 2.6, there is some o3 ∈ X,o3 = o1, which is a fixed point of fn. Without loss of generality, we may
suppose o3 = limk→∞ f kn (a). Let {ki}∞i=1 be a sequence such that limi→∞ f kin (o2) = o′, for some o′ ∈ X. Since o2 is
a common fixed point of f1 · · ·fn−1 and f1, . . . , fn−1 are commutative with fn, o′ is also a common fixed point of
f1, . . . , fn−1. Claim: o3 = o′. In fact, for any closed connected neighborhood V of o′, there is some n0 ∈ N such that
for all i > n0, f kin (o2) ∈ V . It is easy to see that, for all j > i > n0, [o1, f kin (o2)] ∩ [o1, f kjn (o2)] = [o1, f kin (a)]. So
[f kin (o2), f kin (a)] ∪ [f kin (a), f kjn (o2)] is the arc from f kin (o2) to f kjn (o2). As V is a dendrite, we have f kin (a) ∈ V , for
all i > n0. By the arbitrariness of V , o3 = limi→∞ f kin (a) = o′. 
Let π :G → Hom(X) be an action of the group G on X and A ⊂ X. We say G stabilizes A or A is G-invariant, if
π(g)(A) = A, for all g ∈ G. If x ∈ X is G-invariant, then x is called a fixed point of G. In [2], Isbell proved that every
commutative group Γ acting on a dendrite has a fixed point. For the case of Zn actions, we prove a further result in
the following theorem.
Recall that if H is a subgroup of G, then the cardinality of the coset G/H is called the index of H in G, which is
denoted by [G : H ].
Theorem 2.8. Let X be a dendrite. If π :Zn → Hom(X) is a group action, then there exists a subgroup H of Zn such
that [G : H ] < ∞ and H stabilizes either a closed arc or an infinite-type star-like dendrite.
Proof. Let ei = (0, . . . ,1, . . . ,0) be the ith vector of the canonical base of Zn, 1  i  n. Let fi = π(ei), then
f1, . . . , fn are n commutative homeomorphisms of X. By the result of Isbell [2], there exists some o ∈ X which is
a common fixed point of f1, . . . , fn. Let
F = {{ m1, m2, . . . , mk} ⊂ Zn | { m1, m2, . . . , mk} is linearly independent
and there exists o′ = o such that π( m )(o′) = o′, for all 1 i  k}.i
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{o}. Otherwise, there exist a ∈ X, a = o and m = 0 such that π( m)([o, e])∩[o, e] = [o, a]. By Lemma 2.6, there exists
o′ ∈ X, o′ = o such that π( m)(o′) = o′. So { m} ∈F . This is a contradiction. Thus for any m1, m2 ∈ Zn, m1 = m2, we
have
π( m1)
([o, e])∩ π( m2)
([o, e])= π( m2)
(
π( m1 − m2)
([o, e])∩ [o, e])= π( m2)(o) = o.
By Corollary 2.4, Y =⋃ m∈Zn π( m)([o, e]) is an infinite-type star-like subdendrite of X. Let H = Zn, then H stabi-
lizes Y .
Case 2. F = ∅. Let l = max{k | { m1, . . . , mk} ∈F}, then 1 l  n.
If l = n, then, by the definition of F , there are { m1, . . . , mn} ⊂ Zn and o′ ∈ X, o′ = o such that { m1, . . . , mn} is
linearly independent and π( mi)(o′) = o′, for all 1 i  n. Let H = 〈 m1, . . . , mn〉, then H has finite index in Zn and
stabilizes the closed arc [o, o′].
If 1  l < n, then, by the definition of F , there are { m1, . . . , ml} ⊂ Zn and o′ ∈ X with o′ = o such that
π( mi)(o′) = o′, for all 1  i  l. Choose ml+1, . . . , mn ∈ Zn such that { m1, . . . , ml, ml+1, . . . , mn} is linearly in-
dependent. Claim: for any m ∈ 〈 ml+1, . . . , mn〉, m = 0, we have π( m)([o, o′]) ∩ [o, o′] = {o}. Otherwise, there are
m′ ∈ 〈 ml+1, . . . , mn〉, m′ = 0, and a = o such that π( m′)([o, o′]) ∩ [o, o′] = [o, a]. It follows from Lemma 2.7 that
there exists o′′ = o such that π( m′)(o′′) = o′′ and π( mi)(o′′) = o′′, 1 i  l. So { m1, . . . , ml, m′} ∈F which contra-
dicts the definition of l. Thus, by Corollary 2.4, we get that
Y =
⋃
m∈〈 ml+1,..., mn〉
π( m)([o, o′])=
⋃
m∈〈 ml+1,..., mn〉
[
o,π( m)(o′)]
is an infinite-type star-like dendrite. Let H = 〈 m1, . . . , ml, ml+1, . . . , mn〉, then H has finite index in Zn and stabi-
lizes Y .
From above, we see that there always exists some subgroup H of Zn which has finite index in Zn and stabilizes
either a closed arc or an infinite-type star-like dendrite. 
Lemma 2.9. Let (X,d) be a compact metric space. Let G be a discrete group and H a subgroup of G with
[G : H ] < ∞. If π :G → Hom(X) is an action of G on X, then π is expansive if and only if the restrictive action π |H
is expansive.
Proof. The sufficiency is clear. Suppose that π |H is not expansive. Let
G = g1H ∪ g2H ∪ · · · ∪ gnH
be the coset decomposition of G, where n = [G : H ]. By uniform continuity, for any c > 0, there exists δ > 0 such
that if d(x, y) δ then, for all 1 i  n,
d
(
π(gi)(x),π(gi)(y)
)
 c.
Since π |H is not expansive, there exist two different points x′ and y′ in X, such that for any h ∈ H ,
d
(
π(h)(x′),π(h)(y′)
)
 δ.
It follows that
d
(
π(gih)(x
′),π(gih)(y′)
)= d(π(gi)π(h)(x′),π(gi)π(h)(y′)
)
 c,
for all 1 i  n, and all h ∈ H , i.e.,
d
(
π(g)(x′),π(g)(y′)
)
 c, for all g ∈ G.
Thus π is not expansive. 
Theorem 2.10. [14] There are no expansive Zn actions on the unit interval I and the unit circle S1.
Theorem 2.11. There are no expansive Zn actions on dendrites.
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Case 1. There are a subgroup H ⊂ Zn with [Zn : H ] < ∞, and an arc [a, b] ⊂ X which is H -invariant. By
Lemma 2.9 we know the restrictive action of H on [a, b] is still expansive, which contradicts Theorem 2.10.
Case 2. There are a subgroup H ⊂ Zn with [Zn : H ] < ∞, and an infinite-type star-like dendrite Y =⋃∞i=1[o, ei] ⊂
X which is H -invariant. It follows from Lemma 2.9 that the restrictive action of H on Y is still expansive. Suppose
c > 0 is an expansive constant for this restrictive action. Choose arbitrarily an endpoint e in Y with e = o. Let
H ′ = { m ∈ H | π( m)([o, e]) = [o, e]}, then H ′ is a subgroup of H . Since it is also a subgroup of Zn, H ′ ∼= Zl , for
some 0 l  n, where Z0 denotes the identity group {0}. If l = n, then [H : H ′] < ∞. So, by Lemma 2.9, the action
of H ′ on Y is expansive. While [o, e] is H ′-invariant, so the restrictive action of H ′ on [o, e] is still expansive, which
contradicts Theorem 2.10. Therefore l < n, and thus [H : H ′] = ∞. Now let us consider the coset decomposition
of H :
H = ( m0 +H ′)∪ ( m1 +H ′)∪ · · · ∪ ( mk +H ′)∪ · · · .
Then π( mi)([o, e]) ∩ π( mj)([o, e]) = {o}, for all i = j . We see from Proposition 2.3 and Corollary 2.4 that
limi→∞ diam(π( mi)([o, e])) = 0. So there exists n0 ∈ N such that for all i > n0,
diam
(
π( mi)
([o, e]))< c. (1)
By uniform continuity, there is some δ > 0 such that if d(x, y) < δ then
d
(
π( mi)(x),π( mi)(y)
)
< c, for all 1 i  n0. (2)
By Theorem 2.10, we know that the restrictive action of H ′ on [o, e] is not expansive. Hence there exist x′ = y′ ∈ [o, e]
such that
d
(
π(h′)(x′),π(h′)(y′)
)
< δ, for all h ∈ H ′. (3)
From (1), (2) and (3) we know that for any h ∈ H , h = mi + h′, where h′ ∈ H ′,
d
(
π(h)(x′),π(h)(y′)
)= d(π( mi)π(h′)(x′),π( mi)π(h′)(y′)
)
< c.
This is a contradiction. So there are no expansive Zn actions on dendrites.
Recall that a topological space X is said to be arcwise connected, if for any two points x, y ∈ X, x = y, there exists
an arc A ⊂ X with endpoints x and y. The following well-known result will be used in the proof. 
Theorem 2.12. [11] Any connected open subset in a Peano continuum is arcwise connected.
Let P be a simple closed curve. Suppose α,β ∈ P and α = β . We say {α,β} separate P into two arcs L1 and L2,
if P = L1 ∪L2 and L1 ∩L2 = {α,β}.
Lemma 2.13. Let X be a Peano continuum that contains no θ -curve. Suppose that P1 and P2 are two simple closed
curves in X. Then either P1 = P2 or P1 ∩ P2 has at most one point.
Proof. Let K = P1 ∩ P2. If K = P1, then P1 ⊂ P2. Thus P1 = P2. Otherwise K is a proper closed subset of P1. If
|K|  2, then there is a maximal interval (α,β) ⊂ P1 \ K with α = β . Let L1 = [α,β], then L1 is an arc contained
in P1 and L1 ∩ P2 = {α,β}. Suppose {α,β} separate P2 into two arcs L2 and L3, then L1 ∪ L2 ∪ L3 is a θ -curve
contained in X, which is a contradiction. 
Lemma 2.14. Let X be a Peano continuum that contains no θ -curve, then there are at most countably many simple
closed curves in X. Furthermore, if {Pi}∞i=1 are infinite many simple closed curves in X, then limi→∞ diam(Pi) = 0.
Proof. Suppose that there are uncountably many simple closed curves in X, then there exist δ > 0 and infinitely many
simple closed curves {Pi}∞i=1 contained in X with diam(Pi) > δ, for all i ∈ N. Let C(X) be the set of all connected
closed subsets of X. It is well known that, under the Hausdorff metric dH , (C(X), dH ) is a compact metric space.
Passing to a subsequence, we may suppose limi→∞ dH (Pi,Q) = 0, for some Q ∈ C(X). Thus diam(Q) δ. Take any
two points a, b ∈ Q satisfying d(a, b) δ. By the local connectedness of X, we can choose two connected open sets
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and x1, y1 ∈ Pm, x2, y2 ∈ Pn such that d(xi, a) < δ3 , d(yi, b) < δ3 , for i = 1,2. By Theorem 2.12, U and V are arcwise
connected. So there are arcs A = [x1, x2] ⊂ U and B = [y1, y2] ⊂ V . Since U ∩ V = ∅, A ∩ B = ∅. As Pm = Pn, by
Lemma 2.13, we need to consider the following two cases.
Case 1. Pm ∩ Pn = ∅. If A ⊂ Pm ∪ Pn, then A = (A∩ Pm)∪ (A∩ Pn), which contradicts the connectedness of A.
So A \ (Pm ∪Pn) = ∅. Let (α,β) be a maximal open interval in A \ (Pm ∪Pn), and write L1 = [α,β]. If {α,β} ⊂ Pm,
then {α,β} separate Pm into two arcs L2 and L3. Thus L1 ∪L2 ∪L3 is a θ -curve in X. This is a contradiction. So one
of α and β is not in Pm. Similarly, one of α and β is not in Pn. So we may suppose α ∈ Pm and β ∈ Pn. By the same
discussion, there exists a maximal interval (α′, β ′) ⊂ B \ (Pm ∪Pn) such that α′ ∈ Pm and β ′ ∈ Pn. Let L′1 = [α′, β ′].
Suppose that {α,α′} separate Pm into two arcs L′2 and L′3, and suppose that {β,β ′} separate Pn into two arcs L′4
and L′5. Obviously, L1 ∪L′4 ∪L′1 is an arc with endpoints α and α′. As Pm ∩Pn = ∅, we get L′2 ∪L′3 ∪ (L1 ∪L′4 ∪L′1)
is a θ -curve contained in X. This is a contradiction.
Case 2. Pm ∩ Pn = {p}. As U ∩ V = ∅, we may suppose p /∈ U . If A ⊂ Pm ∪ Pn, then A = (A ∩ Pm)∪ (A∩ Pn).
But Pm and Pn only intersect at p and p /∈ A, so (A∩Pm)∩ (A∩Pn) = ∅, which contradicts the connectedness of A.
So A \ (Pm ∪ Pn) = ∅. Similar to case 1, there exists a maximal interval (s, t) ⊂ A \ (Pm ∪ Pn) such that s ∈ Pm and
t ∈ Pn. Write l1 = [s, t]. Suppose that {s,p} separate Pm into two arcs l2 and l3, and suppose that{t, p} separate Pn
into two arcs l4 and l5. As l1 ∩ l4 = {t}, we know that l1 ∪ l4 is an arc from s to p. So (l4 ∪ l1) ∪ l2 ∪ l3 is a θ -curve
contained in X. This is a contradiction. 
Now we start to prove the main result of this paper.
Theorem 2.15. Peano continua that contain no θ -curves do not admit expansive Zn actions.
Proof. Let X be a Peano continuum that contains no θ -curve, and suppose that π :Zn → Hom(X) is an expansive
action with expansive constant c. If X has no simple closed curves, then X is a dendrite, which contradicts Theorem
2.11. So there exists at least one simple closed curve P ⊂ X. Let H = {n ∈ Zn | π(n)(P ) = P }, then H is a subgroup
of Zn. So H ∼= Zl , for some 0  l  n. If |Zn : H | < ∞ then, by Lemma 2.9, the restrictive action of H on P is
expansive, which contracts Theorem 2.10. So |Zn : H | = ∞. Let
Z
n = (a0 +H)∪ (a1 +H)∪ · · · ∪ (an +H)∪ · · ·
be the coset decomposition of Zn. It is easy to see that π(ai)(P ) = π(aj )(P ), for all i = j . By Lemma 2.14,
limi→∞ diam(π(ai)(P )) = 0. So there is some M > 0 such that if i >M , then
diam
(
π(ai)(P )
)
 c. (4)
By uniform continuity, there exists δ > 0, such that if d(x, y) < δ, then
d
(
π(ai)(x),π(ai)(y)
)
 c, for all 0 i M. (5)
Consider the restrictive action of H on P . By Theorem 2.10, there are x, y ∈ P , x = y, such that
d
(
π(h)(x),π(h)(y)
)
 δ, for all h ∈ H. (6)
From (4)–(6) we have
d
(
π(ai + h)(x),π(ai + h)(y)
)
 c, for all i  0, and all h ∈ H,
i.e.,
d
(
π(n)(x),π(n)(y)) c, for all n ∈ Zn.
This is a contradiction. 
Corollary 2.16. If a Peano continuum X is the boundary of a connected open set contained in the plane, then there is
no expansive Zn action on X.
468 E. Shi et al. / Topology and its Applications 154 (2007) 462–468Proof. It follows from [9, Theorem 4, p. 512] that there is no θ -curve contained in X, and the result now follows from
Theorem 2.15. 
We end this paper with the following question:
Does there exist an expansive Zn action on any Peano continuum contained in the plane?
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